The algebraic notion of openings of a map-germ is introduced in this paper. An opening separates the self-intersections of the original mapgerm, preserving its singularities. The notion of openings is different from the notion of unfoldings. Openings do not unfold the singularities. For example, the swallowtail is an opening of the Whitney's cusp mapgerm from plane to plane and the open swallowtail is a versal opening of them. Openings of map-germs appear as typical singularities in several problems of geometry and its applications. The notion of openings has close relations to isotropic map-germs in a symplectic space and integral map-germs in a contact space. We describe the openings of Morin singularities, namely, stable unfoldings of map-germs of corank one. The relation of unfoldings and openings are discussed. Moreover we provide a method to construct versal openings of map-germs and give versal openings of stable map-germs (R 4 , 0) → (R 4 , 0). Lastly the relation of lowerable vector fields and openings is discussed.
Introduction
There is a sequence of well-known singularities of map-germs: The Whitney's cusp f : (R 2 , 0) → (R 2 , 0), f (x, u) = (x 3 + ux, u), the swallowtail F : (R 2 , 0) → (R 3 , 0), F (x, u) = (f (x, u), x 4 + What is the algebraic structure behind them? One of answers to the above question is presented in this paper. In fact we observe, for the swal- 
For the open swallowtail F (x, u) = (x 3 + ux, u, x 4 + Here d means the exterior differential and E 2 denotes the R-algebra of C ∞ function-germs on (R 2 , 0).
As the key construction, we introduce the notion of opening of multigerms of mappings. To do this, first we recall the auxiliary notions in this paper.
Let f : (R n , A) → (R m , b) be a multi-germ of a C ∞ map with n ≤ m. Here A is a finite subset of R n , b ∈ R m and f (A) = {b}. We define the Jacobi module J f of f by
in the space Ω 1 R n ,A of 1-form-germs on (R n , A). Note that J f is just the first order component of the graded differential ideal J • f in Ω • R n ,A generated by df 1 , . . . , df m . Then the singular locus, the non-immersive locus, of f is given by Σ f = {x ∈ (R n , A) | rank J f (x) < n}.
Also we consider the kernel field Ker(f * : T R n → T R m ) of the differential of f , along Σ f . For another map-germ f : (R n , A) → (R m , b ), n ≤ m , if J f = J f , then Σ f = Σ f and Ker(f * ) = Ker(f * ).
Then define the ramification module R f of f by
(cf. ( [11] [14] ). Remark that a related notion was introduced in [22] from different motivation. Then, for any opening F of f , we have R F = R f , J F = J f , Σ F = Σ f and Ker(F * ) = Ker(f * ).
For example, the swallowtail is an opening of the Whitney's cusp. The open swallowtail is an opening of the swallowtail and of the Whitney's cusp.
Note that an opening of an opening of f is an opening of f . Note that a versal opening of an opening of f is a versal opening of f . An opening of a versal opening of f is a versal opening of f .
Definition 1.2 An opening F = (f,
A mini-versal opening F : (R n , A) → R m+r of f is unique up to leftequivalence and a versal opening G : (R n , A) → R m+s of f is left-equivalent to a mini-versal opening composed with an immersion (R n , A) → R m+r → R m+s (Proposition 2.12).
Openings of map-germs appear as typical singularities in several problems of geometry and its applications. The openings naturally appear in the classification problem of "tangential singularities" [15] [16] . Open swallowtails, open folded umbrellas, etc. appear as tangent varieties. We have applied opening constructions to solve the "stable"classification problem of tangent varieties to generic submanifolds in [16] . Moreover openings are related to singularities of isotropic mappings in symplectic spaces.
Let T * R n = R 2m be the 2m-dimensional symplectic space with the symplectic form ω = m i=1 dp i ∧ dx i , and f : (R n , A) → R 2m a multi-germ of isotropic mapping. Since f * ω = 0, we have that
closed, so it is exact and there exists e ∈ E R n ,A such that
. Then e ∈ R g . Conversely, given e ∈ R g , we have de = m i=1 a i dg i for some functions a 1 , . . . , a m , and we obtain an isotropic multi-germ f :
is the frontal germ associated to f . The open folded umbrella appears also as a "frontal-symplectic singularity" [17] .
In §2, we give a detailed exposition on ramification modules and openings of multi-germs and, in §3, we mention related geometric problems to motivate the subject in the present paper.
In §4, the relation of unfoldings and openings are discussed. We treat the problem to find a versal opening of an unfolding of a given map-germ. Then the notion of extendability of an unfolding is introduced. If the given mapgerm is of corank one, then any unfolding is extendable and, in particular its versal opening is obtained from that of its stable unfolding. Then, in §5, we give the explicit presentation on versal openings of stable unfoldings of map-germs of corank 1, namely, versal openings of Morin maps.
In §6, we remark the existence of versal openings in finite analytic case. In §7, we give a direct method to find versal openings for several examples and show the existence of the versal opening for any stable map-germ (R 4 , A) → (R 4 , b), explicitly. In §8, the relation of lowerable vector fields of map-germs and openings is discussed.
In this paper we often abbreviate E (R n ,A) by E A , the R-algebra of C ∞ function-germs on (R n , A). If A = {a 1 , . . . , a s }, then we denote by m i the maximal ideal consisting of h ∈ E A with h(a i ) = 0. We set m A = ∩ s i=1 m i . If A consists of the origin, then we use E n , m n instead of E A , m A respectively.
All manifolds and mappings we treat in this paper are assumed to be of class C ∞ , unless otherwise stated.
Ramification modules and openings
In Introduction, we have introduced the notion of openings based on that of Jacobi modules and ramification modules.
Lemma 2.1 For map-germs
Proof : The assertions (1) and (2) follow from that, if h ∈ R f and dh
The assertion (3) follows from that, if h 1 , . . . , h r ∈ R f and if τ :
The assertion (4) follows from that
Nakayama's lemma (see for example [4] 
Example 2.6 (1) Let
, the simple cusp map, is the mini-versal opening of h.
, the open swallowtail is the mini-versal opening of Whitney's cusp f . (4) Let consider the multi-germ k : (R, A) → (R 2 , 0), A = {0, 1} defined by k(t) = (t, 0) near t = 0 and k(t) = (0, t − 1) near t = 1. Then R k is generated by 1 ∈ E A and s ∈ E A defined by s(t) = 1 near t = 1 and s(t) = 0 near t = 1, over k * E 2 . Then K = (k, s) : (R, A) → R 3 is the versal opening of k. In fact K resolves the self-intersection by the over and underpasses.
Example 2.7
Here we add several additional illustrative examples. Let us consider the following five map-germs:
xt).
Then we have
In fact
Then we see that R f is minimally generated by 1, t 3 over f * E 2 , R g is minimally generated by 1, t 3 over g * E 3 , and R h is minimally generated by 1,
Moreover we have that R k is minimally generated by 1, x 3 , t 3 , x 3 t 3 over k * E 2 and that R is minimally generated by 1,
Remark 2.8 (continued with Remark 2.4). Let s f
By Proposition 2.5, we have 
minimal system of generators of R f as E b -module if and only if they form a basis of R-vector
The following is useful for the classification problem of map-germs in a geometric context ( [15] [16] . See also §3.) 
Then, by Proposition 2.11, we have: 
Then a mini-versal opening of f is unique up to L-equivalence. A versal opening of f is L-equivalent to a mini-versal opening composed with an immersion.

Remark 2.13 An opening
Lastly we show injectivity of versal openings: 
Since F is finite, the support of k is a disjoint union of closed neighbourhoods of a 1 i and those of a 2 i . Take the function k which coincides with k except on the closed neighbourhoods of a 2 i , and is identically zero there. Then we see that 
2). 2
Related to the above Proposition 2.14, T. Gaffney suggested a relation of the notion of openings and that of weak normalisations [6] , which is left to be our open problem.
Related geometric problems
Here Gr(n, T M ) = y∈M Gr(n, T y M ) is the Grassmannian bundle consisting of n-dimensional linear subspaces in fibres of T M .
The mapping f is uniquely determined if it exists, which we call the Grassmann lifting of f .
Recall that Gr(n, T M ) is endowed with the canonical differential system D ⊂ T Gr(n, T M ) defined as follows: We denote by π :
The Grassmann lifting f of a frontal mapping f : N → M is an integral mapping to the canonical differential system D on Gr(n, T M ) and satisfies
If f is an immersion, then f is frontal. For example, the tangent mapping, a parametrization of tangent surface to a curve of finite type is a non-immersive frontal [15] .
If f is frontal and f is an immersion, then f is called a front.
Let f : (N, A) → (M, b) be a multi-germ of frontal mapping, A being a finite set of N . Then, since f (a), for each a ∈ A, is an n-dimensional vector subspace of T b M , there exists of a system of local coordinates of (M, b)
belongs to the ramification module R g and therefore f is regarded as an opening of g. Then the regular points locus Reg(g) = Reg(f ) is dense in (N, A) . Conversely, if the regular points locus Reg(g) of a given map-germ g = (g 1 , . . . , g n ) : (N, A) → R n is dense in (N, A) , then any opening of g is frontal. In particular, an opening of a frontal mapping is frontal.
Let M be a (2m + 1)-dimensional contact manifold with the contact structure D. Recall that, by Darboux's theorem, D is locally defined by dy − n i=1 p i dx i = 0 for a system of local coordinates
Suppose f is a contact integral mapping and A ⊂ N is a finite set such that f (A) is one point which belongs to a coordinate neighbourhood as above. Then the y-components belong to the ramification module R g , for g = (x 1 , . . . , x n 
The notion of openings has a close relation also to the singularity theory on "isotropic" map-germs in a symplectic space.
Let R 2m be the standard symplectic space endowed with the symplectic form ω = m i=1 dp i ∧ dx i for the coordinates x 1 , . . . , x m , p 1 
Note that e is determined up to a constant addition. Then e ∈ R g , g = (
is an opening of g. If the locus of immersion Reg(g) of g is dense in R n near A, then we call (g, e) : (R n , A) → R m+1 the frontal of f .
Its Grassmann lifting (Legendre lifting) is given by (f, e). The mapping (f, e) is called a Legendrisation of f . For example the frontal of a open
Whitney-Morin umbrella is the folded umbrella.
Unfoldings and openings
We recall the notion of unfolding of map-germs ( [19] ).
Let f : (R n , A) → (R m , b) be a map-germ. An unfolding of f is a map- 
Proposition 4.1 (Unfoldings and openings) Let
Proof : For the mono-germ case the assertions are proved in Proposition 1.6 of [12] , Lemma 2.4 of [13] . Here we present the proof for the general case:
Let f be of corank at most one. Suppose h ∈ R f . Then dh = m j=1 a j df j for some a j ∈ E a . There exist A j , B k ∈ E (a,0) such that i * A j = a j and the 1-form
Lemma 2.5 of [14]). Then there exists an H
. By Proposition 4.1, we have:
Corollary 4.2 If corank of f is at most one, then any unfolding of f is extendable.
In §7, we will see that there exist non-extendable unfoldings for mapgerms of corank ≥ 2. Therefore the opening constructions do not behave well under unfoldings in general.
Openings of stable maps of corank one
We will give the explicit versal opening in the case of corank one. As is seen in Remark 2.8, it is sufficient to treat the case of mono-germs, namely, germs f : (R n , 0) → (R m , 0) of corank one. Moreover, by Corollary 4.2, it is sufficient to treat the case that f is stable, namely, f is a Morin map.
Let k ≥ 0, m ≥ 0. To present the normal forms of Morn maps, consider variables t, λ = (λ 1 , . . . , λ k−1 ), µ = (µ ij ) 1≤i≤m,1≤j≤k and polynomials
Let f : (R k+km , 0) → (R m+k+km , 0) be a Morin map defined by
for the above polynomials F and G. For ≥ 0, we denote by F ( ) , G i( ) the polynomials
Then we have:
The ramification module R f of the Morin map f is minimally generated over f * E m+k+km by the 1+k +(k −1)m elements
is a mini-versal opening of f .
Proof : The first half is proved in [11] . The second half follows from the definition. 2
Remark 5.2
It is shown in [11] moreover that F is an isotropic map for a symplectic structure on R 2(k+km) .
In particular we have: 
Lemma 5.3 Let be a positive integer and F
we have the consequence. 2
Versal openings of analytic map-germs
In this section we discuss the case f is analytic. First we recall the complex analytic case briefly from [12] . Let (X, A) be a germ of complex analytic space at a finite set A with the structure sheaf O X,A , and
We remark that the stalk of H 0 (f * (Ω X,A /I f ); d) at A is the complex analytic counterpart of R f in the real C ∞ case. We write it R hol f to distinguish with the real C ∞ case. By Proposition 6.1, in particular, that R hol f is a finite O C m -module.
Now let f : (R n , A) → (R m , b) be a finite real analytic map-germ ( §2).
We denote by O R n ,A (resp. O R m ,b ) the germ of sheaf of analytic functions on (R n , A) (resp. (R m , b) ). Then, besides with R f , we consider the sheaf
Then we show the following:
Proof : First we may suppose h i (0) = 0, (1 ≤ i ≤ r). Then we remark that the opening
of f is injective. Let F p stand for the R-algebra of formal functions on (R n , p), and set F n = p∈(R n ,0) F p . Then F is faithfully flat over O n (Cor. 4.13 of [18] ). Define the formal counterpart
Since f is finite, h −1 (0) = {0}, and moreover, the norms of 1/h and its partial derivatives up to say are estimated from above 1/ x α for some α = α(
The cases of corank ≥ 2
If corank(f ) ≥ 2, then the restriction of a versal opening of an unfolding of f is not necessarily a versal opening of f . That phenomenon was observed already in [14] . We utilise Proposition 6.2 if necessary to treat the following examples.
then F is the mini-versal opening of f . Here we give a concrete method to find the minimal generators as above.
Then by the preparation theorem we have
The condition that h ∈ R f is equivalent to that dh belongs to Jacobi module J f . We calculate
and set
for some function A, B ∈ E 2 . Again by the preparation theorem, we put
omitting "•f ", where z = 
Thus we find a minimal system of generators 1, 2zx, 2wy, 2zwxy, namely 1,
In each case of the following three examples, we have the mini-versal openings using Proposition 6.2.
which is an unfolding of f in Example 7.1. Then R g is minimally generated over g * E R 3 ,0 by 1 and Therefore i * R g R f , where i : (R 2 , 0) → (R 3 , 0), i(x, y) = (x, y, 0), and we see that g is not an extendable unfolding of f .
The versal opening of g is given by G :
is not a versal opening of f = ( = y 5 + 5xy 3 µ + 15xλµ 3
We have the mini-versal opening H : y, u, u) . Thus the unfolding h of f is not extendable, which is also not extendable regarded as an unfolding of g as well.
Now we show the concrete way of calculations for Example 7.3 to make sure ourselves:
Let k ∈ E R 4 ,0 = E 4 . By the preparation theorem, we set,
We suppose dk is equal to the form
omitting "•h". Similarly we have
Then we set, to find analytic or formal generators,
and
Then we are led to the relation: 
Since (3λ, −3µ, −2x, 2w are regular sequence in E 4 , the first Koszul cohomology for them vanishes (see for instance, [21] ). Then, by setting (A 1 , B 2 , A 3 , B 3 ) as (µ, λ, 0, 0), (2z, 0, 3λ, 0), (2w, 0, 0, −3λ), (0, 2z, −3µ, 0), (0, 2w, 0, 3µ), (0, 0, w, z) Therefore ξ(f * a) = f * (ηa). 
We conclude the present paper by examining how lowerable vector fields acts on the ramification modules and the structure of mini-versal openings for Example 7.1, Example 7.2 and Example 7.3. See [10] . Therefore, if we consider the g * E 3 -module T generated by 1, ψ 3 , then we have that
The lowerable vector fields for g in Example 7.3 is generated by             
